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ABSTRACT

Synthetic Vertical Seismic Profiles (VSP) seismograms are a useful aid 1o the interpretation of V3P re-
eords, Plane wave VISP synthetics which accomodate multiples and mode conversions can be compiited rapidly
= the frequency domaoin Lving g rew recursive formulafion.

The method urilises the concept of “resultant’’ phase related reflection and trensmission coefficients
for a layer stack. High frequency signals can be handled with relative ease. The ability o control the order af
the muliiple avoids wraparound problems with the discrete Fourier transform, Several examples are used (v
illustrare the method with relevance fo seismic explorarion,

L INTRODUCTION

The concern in this paper is with 3 rapid, accu-
rate method for compuling plune wave synthetic VSP
sismograms. In analysing real data, synthetic seiamo-
grams are an indispengable aid to mterpretation. They
&g Wery instructive in their own right for understand-
g the form and appearance of the VP record, Amo-
delling capability alse provides a powerful means to
check the effectivenass of the various dota processing

“sleps,

Owver the past few years several different
spproaches have heen introduced 10 generate theore.
tical V5P seismograms. Most sssume a plane layered

-earth and are restricted to the zero-offset normal inc-
dence case.

Vetter (19680) introduced a raypath approach
with cloimed economy of computer storage and time.
He vgad & wavelel labelling and enumeration system
for specification of all the dynamically egquivalent
rays, As the number of lavers (and possible rays) in-
creases, the gystem becomes quite complicated.

Wyatd (1981} introduced o nommal ingldence
formulation basad on the state space model (Mendel,
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1978). In his approach the model is artificially divided
into M lavers, cach hoving equal ong way travel oimes
(Goupillaud, 1961 ; Claerhouz, 1968).

The fnite differcnce method (Kelly, Alford
and Whitmore, 1981) has proved b be very succesful,
but it & time consuming snd expensive, particularly
for computations i the far-field. Gridding artificts,
such as fictitious signal dispersion, can arise with Mndte
difference schemes,

More recently Ursin and Amtsen (1983) pro-
posed 2 computation method based on the application
of the ray series to (ke Fourler transform of the equa-
tions of motion for = linear visco-clastic model. This
method is only opplicable to the compressional wave,
niormal incidence case,

Thybo (1983) presented & fast computation
method for earth structures comprising equal trave]
time layers using an iferative calculation procedure,
arranged like 3 binary tree. A matrix describing M 1a-
yers is represented by o one dimensional spectrum
with N complex samples. At each step of the iteration
scheme, layers are combined in pairs, and the résulting
spectrum of double length is computed for sach pair.
He restricts his attention to the zero offset case and
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uses & computation convenbence introduced by Choate
(1982).

The method developed here utilises the con-
cept of “‘resultant™ reflection and trapsmission coeffl
chents for multilayered media shove and below the Je-
vel of the receiver

The V5P geometry is illustrated in Figure 1.
The diagram shows the direct arrival and several pri-
mary and multiple reflections, With the receiver R at
depth, both upgoing and downgoing waves must he
considered.
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Figure 1.
“Resultant™ Reflection and Transmision
Coefficientsnt R

Calculations are performed in the frequency
doma in using an exsct, recursive formulation. Surface
miltiples as well as internal multiples can be easily ge-
nerated. Moreover the order of the multiple can also
be controlled. Our method shares some similarities
with that of Thybo (1983) but it is more general in
that mode conversion and plane wave Incidence angle
can be taken into account, In s séparate paper (Supra-
jitno and Greenhalgh, 1984) we present a formal sofu-
tion for the offset VSP point source (spherical wave)
thearetical seismogram problem,
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IL.  THEORETICAL DEVELOPMENT

A Background

To compute the seismic responsé of 2 Layered
medium the frequency doma in approsch, pioneercd
by Thomson (1950) and Haskell (1953), is widely
used. In this spproach the solution of the wave equa-
tions in every layer are expressed im térms of the
Fougier transform of the displaccment potentials. As
the waves propagate ouiward from the source, the
ftresses and displacementa are continuous across the
lyers as well as acroas the various interfaces. This
contimaily enables us 10 expres the siresses and dis-
placements in the o™ layer in terms of the stresses
and displacements in layer 1. At every interface there
are five possible wave types to consider : the incldent
wave (P or 5), the tranumiticd P and § waves, and the
reflected P and S waves. A formidable matrix book-
keeping operation is required in repeatedly applying
the continuity conditions.

The extension of the Haskell - Thomson matrix
approach has been discussed In @ number of papers
{¢.£.. Knopoff, 1965; Dunkin, 1965, Fuchs, 1964;
Kind, 1976), principally to overcome some numerical
stsbilities in the matrix inversion and to speed-up
the computations. Gilbert and Backus (1966), starting
from a different approach, generalised the fornula for
transferring strésses and displacements between two
levels in » stack of layens. They introduced the con-
copt of propagator matrices (Aki and Richards, 1950,
P 273 - 283)

The solution of the wave equations which sa-
tisfy the boundary (or continuity ) conditions enzbles
us Lo express the boundary conditions in terms of the
reflection and transmision coefficients (Brekhovs
kikh, 1960, p. 405). In other words, their solution at
each interface leads o the definition of the reflection
and transmission coefficionts wssociated with that In-
terface (Robinson, 1968). Kennett (1974), using Gil-
bert - Backus propagator matrices, established the
connection between the Thomson - Hatkell approach
and the reflection and transmission properties of a
single interface. He then used this inter-relstionship
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‘o cambine reflection and transmission coelMicients of
two interfaces (an embedded layer) into that of a
single aquivalent boundary.

.8 Overall Reflection and Transmission
Coefficients

Consider the case of 2 downgoing plane wave
mcident on layer 1 in Figure 2(z). We can combine
the individual coefficients from the top boundary
(R and TO1) with those of the bottom boundary
(R12 and T12) into the resuliant coefficients for (he
layer, as given in Figure 2(a). The D and U subscripts
denote either downgolng or upgoing waves. Similar
resulis apply for a wave incident [rom below [Figure
2(b)] bul the individual coefficients in this case cor-
fe5pond to the direction of an upgoing wave. Note
that the square bracket term uppearing in Figure 2 can
be expanded in 3 Taylor series with the individual
terms in the series corresponding to the various muls-
ples. Truncation of the scries at a specified location
cuntrols the order of the multiple. If only the first
‘term s retained then we have the “prirljmin only™
response of the layer, ie, a single reflection from top
of the layer.
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The individual reflection and transmission co-
efficients can ba computed from the well known Zoep-
pritz and Knott equations (Pilant, 1979, p. 130, 137).
They are complicated functions of the wave incidence
angle and the elastic parameters of the model (viz, P
und 5 velocities, and densties). Tt I3 possible to repeat-
edly combing reflection/iransmission coefficients at
succosive interfaces to yield overall coefficients for
the complete layer stack: Figure 3{a) shows the resul-
ant transmissionteflection coefficients in terms of
the rays for downgoing waves between Layers m and £
In computing the overall coefficients {"‘{ED}I" and
™Tp we recurively combine iwo interfuces info
one starting at the top of the stack and working our
way down of vice versa. Figure 3{b) shows the cormes-
ponding ray diagram and definition of resultant coeffi-
cienis for an upgoing wave ncident from layer £
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Figure 3(b).
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& Basic Formula

Consider & plane wave which Impinges on top
of lsver m within a stack of luyers from m to n. (Fi-
gure 4). Suppose that the receiver is located at an arbi-
trary level £, The incident wave gives rise to upgoing
P and § waves as well a3 downgoing PP and S waves in
all layers {except in laver n where only downgoing
waves xisl L

The amplitude of the displacement potential
at £ will depend on three factors :

1. The ovérall transmission coefficlent for down-
going waves from layer m to layer X . expressed
as M(Tp)*

2. The overall reflection coefficient from downgoing
waves from layer £ 1o layer n, expréssed as

LrppP

3, The overall reflection coefficlent for upgoing
wived from laver A to layer m, expressed as
m(Ry)E

These térms are Kennett's matrices and they are cal-
culated along the lines indicated in Figures 2 and 3.
Mode conversion can be included by considering the
individual elements of the B and T matrices.
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where D and U represent and downgolng and upgoing
ey rejpectively,
The resultani reflection and transmission co-

#fficients for the receiver within layer £ can be ax-
presied in terms of these matrices as follows: (1)

Re= ") (1 +4Rp P (1= FRp PR )

This formula includes the contributions of afl pussible
T3 to the particle displucement. Terms within the
Bwge bracket which are under the minus sign repressnt
the multiply reflectad waves within laver £ . Controll-
'q!hmduufﬂumlﬂplehnﬂuﬂedby binomial
#xpension and retsining the appropriate number of

B, The coeflicients R and T are phase relsted to
s=cmiver's level within layer £ (see Scholte, 1956 Cis-
sernas etal, 1973; Kennett, 1979). The advantage of
mming these phase-related Coefficients is that the layer’s
el times have already been carried by the cocffi-

 ents themselves. These travel times are not restricted
%= having to be equal, an artifice used in the usual z-
fmnsform normal - incidence approach (eg., Ceoupi-
Saud, 1961 ; Clzerhout, 1968).

The actusl seismograms are obtained bu multi-
ﬂﬂu Ry by the spectrum of the signal, then follawed
&y inverse Fourier transformation. Equation (1) requi-
=5 modification for inclading the free surface refec-
Hon effect. The relevant equation is given in Appen-
dix. Abso included in the Appendix are the formuls-
‘Hons for three special cases of location of the receiver:
on the surface, within the first layer, and within ihe
Balf-space (lransmitting zone).

L. Offver Plane Wave VSP

The resultani coefficlents given by equation
(1) are the planc wave cocfficlents for a given inci-
gence angle (or horizontal wave number ], The vertical

companant of the delzy times due to the passage of
the waves across the layers arc computed by :

hi
l.li 'ﬁ;ﬂﬂlﬂm
Ve
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and (2)

where by is the thickness of the ith layer, V. i the P-
wave velocify, Vi I8 the S-wave velocity, and 8. and
By wre the corresponding P and § wave incidence
angles respectively.

If X is the horizontal distance between the re-
ceiver and the borehole, the horizontal component of
the delay time cun be computed using :

= 2% L -5
I =
bp =V Epi TG,

b ={‘,;.inﬁﬁ =%E

(3)

where Cp and Cg are the horizontal phase velocitics
for P and § waves respectively. The offset plane wave
resultunt reflection coefficients can be obtalned by
multiplying the previous resultant coefficients by the
malrx :

M
o ,..'j""hl

The result follows from the work of Aminzadeh and
Mendel (1982}, who showed that the scismogram ai
any offset X can he obtuined from the “non-normal
incidence zero-oflset” seismogram by shifting the re-
ceived signal by an amount X/ where C is the phase
velocity. Mole that the definition of non-normal inei.
dence zero-offset sefsmogram wsed by Aminzadeh und
Mendel (op. cit.) is the zero offset selsmogram whose
travel Limes are given by equation (2).

For generating offset point source VSP selsma-
grams, (Figure 5) plane waves can be integrated over a
wide range of incidence angle to form a spherical wave
(Summerfeld, 1909; Weyl, 1919; Stephen, 1977 Ina
companion paper {Suprajitne and Greenhalgh, 1984)
we present & practical method for solving the point
source VSI' problem. In the case of normal incidence,
the spherical wave equals the plane wave, and the
point source solution reduces to equation (1 ).




Jn[h..rthr}lin;-ma- _.Igm —  Rgfw.y) virizu)

Integration over w
Figure 5.

E Syniheric Examples The choice of & source signal is arbitrary. For
convenience we uie 4 short tone burst such as shown
in Figure 6. With this source, one is free to specify
dominant frequency and the number of cycles.

In this section we demonstrate the use of the
above coefficients for generating zero-offset VP syn-
thetic stismograms for & small number of models of
potential significance in explomation,

ceiver using an increment of 10m. The velocity model,
I VIAT || which comprises a single embedded high speed layer
|| I ‘E i3 shown on the left of the disgram. Points indicate
I positions of the receiver. Depth runs vertically down-
8 Scientific Contribution 1985/1
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(AL Figure 7 shows the compressional wave VSP
H H iy synthetics cileulated at 21 different levels of the re-
| \h.

wards and time increases to the right. A source signal
with & dominant frequency of 100 Hz is used. The
sample rate is (0.5 milliseconds.




Lalia]
.

Figure 7.

The seismograms display the downgoing wuve
and the primary reflectlons from both interfaces. The
movegut pattern on the first arrivals reflects the sub-
surface welocity distribution. The upgoing waves (re-
flections) are characterised by a negative apparent ve-
locity ie. time Increases with decreasing depth. Note
how the upgoing primary reflections and the first
downgoing wave intersect at the two interface - thus
providing a means of locating them.

We observe a phase reversal on the second
{doeper) reflection due to the velocily decreass in the
basal laver, The form of the signal has been conserved.

Surface multiples and internal multiples can be
seen quite clearly on the display. Any event which
disappears or terminates in the general record before
reaching the first breaks is & multiple. The display re-
gembles a ray picture in the subsurface. (See also Su-
prajitno and Greenhalgh, 1983). Tt s easy to trace the
arigin of all events on the record in terms of their ray-
patks.

Owur display has been constructed in such a way
that each trace |3 normalised to its maximum. Further-
more, a Tinear ramp has been apllied to encahnee the
later arrivals. For geophone positions below the level

of the basal interface no upgoing waves can be ob-
sarved.
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The top three traces are normal-incidence sur-
face source-surface receiver seismograms. They contain
only the upgoing waves. Numerous multiples are pre-
s=ni on the traces.

G, Four Layer Chate

Figure 8 shows the theoretical VSP seisma-
grams for a slightly more complicated model. The geo-
phone spacing is 25 m and the source signal has a do-
minant frequency of 680 Hz, The sample rate is | milli-
second. Note the presence of primary reflections from
each interface. The uppoing and downgoing waves in-
tersect =t the three levels, We can clearly correlate the
surface selsmograms with the V'SP and trace all events
down to their points of origin. Multiples are again well
developed and easy 1o identify on the display. There
are several arders of multiples present, The downgoing
waves are strong in amplitude compared to the up-
going waves, even without making allowsnce for the
time varying gain function applied.
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M. Mudeilayers - Prediction Ahead of the Drill Bir

This example, shown in Figure 9(a), includes
many more layers, with layering below the (erminal
depth of the well. It serves to demonsirate how VSP

¢an be used to map structure ahead of the bit. In Fl-

gure 9(b) we obssrve upgoing waves (negutive apparent

@




velocity) which have not intersected the first breaks  at late time on the surface traces is of a multiple ni-

of traces at the base of the well, These events can be  ture. Increasing the number of layers even further,
extrapolated in depth to locate the reflector levels. produces quite a complicated set of seismograms.

% I Primary - Multiple Interference

Figare 10 is included as 2 selsmic curosity, to
- show how interaction between primaries and muliiples

¥#=2.0 em%  can confuse the interpretation of conventional {Bur-
= face) seismic dats.

2.4 The first multiple from interface | coincides
in time with the primary from interface 2. The multj-
ple. having been reflected from the free surface has
upposite polarity, The two events perfecily cancel for
receivers above the interface level. However, the pri-
mary can be ideatified on the V5P traces below the
s level of interface 1. Automatic Gain Control has been
applied to these particular traces,

ipir mom
e LT s :
4.0 T i .
Figure 9{a). i
The low velocity sand lens structure shead of the bit : I‘-.
2 ="
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'.' OI. CONCLUSIONS

We have presented a simple and practical me-

thod for generating theoretical VSP scismograms. The

e method is based on the recursive determination of the
resultant phase-related reflection and transmission co-

efficients for 3 layer-stack. The flexibility in accepting

Fignre 9b). models with different layer truvel times reduces the
required memory and computer time, The possibility

There s a phase change evident on the surface of controlling the order of the multiples avoids aliasing

trace al position 4, corresponding to the top of the and wraparound problems (Trorey, 1962, p. 769).
low welocity layer. Reflections 5 and 6, from balow The method can be extended (o offset VSP, even
the zone, are of normal polarity, Much of the energy where the angle of incidence exceeds the critical angle
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and the reflection transmission coéfficlents become
mmpln.Ab:npumunh:imhldndhymingm-
plex velocitles. High frequency signals can be handled
with relative ease,

APPENDIX SPECIAL CASES FOR
RESULTANT COEFFICIENTS

.

. B Effect of Free-Surface Reflection

Equation (1) does not include the effect of the
free surface reflection. This effect can essily be ac-
commodated by writing (S¢e Suprsjitno, 1985 for de-
rivation of this and following equations).

By = eTWH [RAT(T L) i+ 'mnj“]g] Al

where A=rpg MRp" B

- |"PP P8
with IFE 3
l.m] IES
giwtp 0
E= ;
o elWig

Heie H'1f is the resultunt coelficlent which includes the
free surfuce reflection, Rois given by equation (1), T,
|s the one way travel time from the surface (o the first
interface, M I the order of the free surface multiples,
tpand tg are the travel times of P and 5 waves in layer
1, and t,.. Tpg: Tgp and rgg uethmnermtmﬂuf:-
thon c;»gginm ts. Equations for rpg can be found in
Pilant (1979, p. E1—89),

B Receiver on the Surfoce

For the case of the recelver located on the free
surface It is obvious that the resultant coefficients only
consizts of the overall upgoing wave from layers boun-
ded by layer m to n (layer m is the surface layer). The
resultant coefficient can be written as -

M
h
L A fﬂ A
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where A= m[B‘.D}u REg

2
Rpg=rtpg®

Note that v is vertical wave number given by :
“mh - WTI

Th:tmrﬁmdumthnuduﬂlﬂubm%.

C Recetver in the First Layer

The first Laver in Figure 4 is layer m since it 18
hounded above by the Earth’s free surface, A recelver
located at = given level within this layer records both
the upgoing waves as well a3 the downgoing waves.
The upgoing waves are composed of the primary re-
flections plus the multiply reflected waves from the
stack of layers betwesn m and n. The downgoing
waves are composed of the direct wave from the source
plus the free surface multiples. If by is the thickness
af the first layer then it can be shown that the resul-
tant cocfficient is given by :

Ry =e1Vm™ [1 + TR

qu.h
where .h-'"{RD‘J“rFsew'“ i

(A.3)

Mo
B A
=0

f3 Receiver within the Basement

The resultant coefficient for the czse of the
receiver within the bassment (halfspace or transmite-
ing zono} is given by !

. M

R|iiv}=._.'“mh "It T A (A4)

=0
where A= "{Rp)" rpg

Here h is the thickness of the layer m, M i the order
of the Tree surface multiple, and rgg is the frec-surface
reflection cocfficient : All coefficients are phase rela-
ted to the receiver’s level in layer n.

|
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‘Fig 2. The overall phase related reflection and truns-
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bedded layer. Disgram (a) is for the case of a
downgoing wave (DGW) incident on interface
0:1. Diagram (b) is for the case of an upgoing
wave (UGW) incident from befow an Interface
1

Fig. 3. A ray interpretation of the overall reflection
and transmission coefficients for a layer stack.
The coelficients sccommodate all orders of
multiple reflections within the struciure. The
two disgrams correspond to (z) downgoing
wave inclden! from lzyer m (b) upgoing wave
incident from layer £,

Fig. 4, mmtmﬂiﬁmllthnliﬁermﬁm
the three overall confiicients (T % HRp)"
and ™(Rpy) 4 . Only several of the infinite fa-
mily of possible rays are shown.
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Fig. 5. Paint source (spherical wavelsynthetic seismo-
grams can be obiained by integrating the plane

wive response function,

The source function wed in the synthetic sels-
MOoETam comuiations,

Fig. 7. Normal incidence synthetic VSP selsmograms
for a single embedded high speed layer. Prima-
ries and multiple reflections can be easily [den-
tified. The diagram resembles 3 ray picture in
the subsurface.

Fig. 8. V5P synthetic seismograms for & fourlayer
st

Fig. 9{h). Multilayer VSP synthetics illustrating pre-
diction ahead of the bit. Upgoing events 4, 5
and & which have not intersected the first
hluumh'aﬂunl‘ﬂrhﬂufﬂmhﬂ,upt&
sen1 primary reflections from layering below
the terminal depth of the hole.

Fig. 10.  Synthetic VSP traces showing primary-
multlple interaction. The surface multiple can-
cels vut the primary reflection from the basal
intarface,

Fig. 6.
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